
What strategies can induce cooperation between heterogeneous
players?

Xin Wang, Yifen Mu, Jing Han

Key Laboratory of Systems and Control, Institute of Systems Science
Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China

E-mail: hanjing@amss.ac.cn

Abstract:
In many social systems, the emergence and maintenance of cooperation among rational agents is a central topic and a fundamental
problem. Consider the case of the Prisoner’s Dilemma game which is played between heterogeneous players, i.e. a leader and
a follower, cooperation can emerge when both players optimize their payoffs provided that the leader’s strategy is restricted in
a certain set of k-step-memory strategies. However, it is difficult to analyze the condition for cooperation analytically since the
number of leader’s strategies increases super-exponentially with the memory length k. So in this paper, a series of computer
experiments are used to investigate the condition for cooperation by enumerating the leader’s strategies with 2-step-memory
while the follower utilizes the Q-learning algorithm to update her strategy. The results illustrate that there are a small amount
of strategies for the leader to induce mutual cooperation. Most of them can be featured as “reward of mutual cooperation”
and “punishment of cheating kindness”. This is the first step to characterize the features of strategies which can induce mutual
cooperation for the general memory length k.

Key Words: game theory, Prisoner’s Dilemma, cooperation, heterogeneous players, Q-learning.

1 Introduction

Cooperation exists widely in the social and economical sys-

tems. In many cases, cooperation is beneficial for both play-

ers. So how the system reaches cooperation is a fundamental

problem. However, cooperation is unlikely to occur in many

cases[5]. Thus, the emergence of cooperation attracts much

attention from many scholars and most efforts are based on

the Prisoner’s Dilemma game.

One notable and influential work is accomplished by Ax-

elrod [6, 7, 8]. By designing the computer tournament, Ax-

elrod proposed a new method to study the cooperation in

Prisoner’s Dilemma game. In the first tournament, the sim-

plest “Tit for Tat” strategy (which just copies the action of its

opponent in the last round) performs surprisingly well. [9]

found that the tag mechanism can make it easy for popula-

tions to reach cooperation. Meanwhile, by introducing spa-

tial structures on the population, such as lattices and scale-

free networks, cooperation can be promoted effectively [10]-

[18]. On the other hand, cooperation between two players

has also been studied in many ways [19] introduces ε-Nash

Equilibrium, [20] discusses the ‘good’ strategy, ([21, 22])

use the finite automaton to play repeated games. The pre-

vious work of the authors [2, 4] present new results of co-

operation based on the repeated Prisoner’s Dilemma game.

By introducing heterogeneous players, i.e. the leader and

the follower, cooperation will prevail when the leader takes

suitable strategies.

However for the general memory length k, it is not easy

to derive the condition for cooperation analytically due to the

huge strategy space for the leader with the increase of k. But

the computer experiment provides a possible way to char-

acterize the features of strategies which can induce mutual
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cooperation. In this paper, we will enumerate all the 2-step-

memory strategies for the leader and let the follower utilize

Q-Learning algorithm to play against it. Then the leader’s

strategy is evaluated according to different criterions, such

as the averaged sum of the payoffs of the players and the

averaged relative payoff. Through analysis of the experi-

mental data, it can be found that a small amount of leader’s

strategies can lead the system to cooperation (more than 90%
cooperation level). Meanwhile some features are found for

those strategies which can induce mutual cooperation.

The remainder of the paper is organized as follows. The

problem is formulated in Section 2 and Section 3 illustrates

the simulation design. Section 4 presents the simulation re-

sults together with analysis of the data. The conclusion of

this paper is drawn in Section 5.

2 Problem

Usually, the Prisoner’s Dilemma (PD) game is described by

the payoff matrix shown as follows

( C D

C (R,R) (S, T )
D (T, S) (P, P )

)

where the parameters satisfy

{
T > R > P > S

R > T+S
2

(1)

In Axelrod’s tournament, the parameters are taken as T =
5, R = 3, P = 1, S = 0 (Chapter 3, [8]). Obviously,

for the PD game, the ‘mutual defection’ outcome (D,D) is

the unique Nash equilibrium while the ‘mutual cooperation’

outcome (C, C) is better for both players. This is so-called

“Dilemma”.

In this paper, the model we study is the same as the one

in [2], which consists of two heterogeneous players called

“leader” and “follower”. It is assumed that the game can be
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played infinitely, i.e. t = 0, 1, 2, . . .. At stage t, the leader

and the follower take their actions l(t), f(t) ∈ {C, D} si-

multaneously, where action C and D are denoted as 1 and

0 respectively. Given the memory length k, the system state

can be defined as a 2k-bit number with the form (l(t − k +
1), f(t − k + 1), . . . , l(t), f(t)). For instance when k = 2,

there are 22k = 16 system states, say 0000, 0001, . . . , 1111,

denoted as s1, s2, . . . , s16. Thus the leader’s strategy with

k-step memory is considered as the assignment of the value

0 or 1 corresponding to each of 22k system states. This

strategy can be denoted as the vector A = (a1, ..., a22k) ∈
{0, 1}22k

, and all k-step memory strategies constitute

a set Ak = {all the strategies with k-step memory} �
{A1, . . . , A2(22k)}. Naturally the set of the leader’s and the

follower’s strategies, AL and AF , is the subset of Ak.

Given an initial state and the players’ strategies, the

game can be realized. Both players will get their payoff

pL(t), pF (t) at stage t according to the payoff matrix. To

indicate whether the leader (follower) can get more payoffs

than the other, define the relative payoff at stage t for both

players as

wL(t) = sgn{pL(t) − pF (t)}
wF (t) = −wL(t) (2)

Over the infinite time horizon, define the overall payoff in

the average sense:

PL = lim
T→∞

1
T

T∑
t=1

pL(t)

PF = lim
T→∞

1
T

T∑
t=1

pF (t) (3)

The averaged relative payoff WL, WF can be defined sim-

ilarly. So the game played between the leader and the fol-

lower can be formulated as a problem of ordered optimiza-

tion as ⎧⎪⎨
⎪⎩

F (L) = argmax
F∈Ak

PF (L, F )

L∗ = argmax
L∈AL⊆Ak

PL(L, F (L))
(4)

The set Acc = {A ∈ AL : PL = R,WL = 0} is de-

noted as the one where the leader using the strategy in Acc

will lead the system to cooperation if the follower optimizes

her payoff. However, the number of Ak increases super-

exponentially with k, |Ak| = 2(22k) = 2(4k). It causes the

problem that for general k, the mathematical analysis is dif-

ficult because the sets Ak and Acc are discrete so that many

popular mathematical tools lose their power. On the other

hand, the cardinal number increases too fast, which makes

it hard to enumerate the set. The computer experiment pro-

vides a possible way to characterize the features of strategies

which can induce mutual cooperation. In the next section,

we will enumerate the leader’s strategy set Ak for k = 2
numerically while the follower utilizes the Q-learning algo-

rithm to update her strategy in order to optimize her payoff.

3 Methods

For k = 2, as mentioned above, there are 16 different

states, denoted as s1, ..., s16. So there are 216 different

strategies for the leader and each one can be represented

as a vector A = (a1, . . . , a16) with an index I(A) =∑
j 216−jaj . Therefore, all the leader’s strategies can be in-

dexed as A0, ...AI , ..., A65535. During a repeated PD game,

the strategy of the leader L is fixed, while the follower uses

Q-learning algorithm to update her strategy for the given L
. By using this method, we can find the the best strategy for

every given L belonging to {A0, . . . , A65535}.

3.1 Preliminaries
Q-Learning, a type of Reinforcement Learning, was first pro-

posed in [23] as an on-line learning technique. It has been

used to study the scenarios under which the information of

the environment is not available, so Q-Learning learns the

mapping from state to action only through feedback (i.e. the

reward or the punishment) it receives. The proof of conver-

gence of the algorithm [24] guarantees that Q-Learning can

learn the optimal solution to the given problem under some

conditions.

[25] applied Q-Learning to study the repeated PD game

where both players utilize Q-Learning to learn the best re-

sponse to the strategy of their opponent. In this homoge-

neous scenario, they found that cooperation seldom emerges,

which is different from our settings and results.

3.2 Computer experiment Design
For the follower, the update rule of the Q-function is illus-

trated as follows:

Qt+1(s(t), f(t)) = (1 − α)Qt(s(t), f(t))
+α(r(t) + ω max

b∈{0,1}
Qt(st+1, b))

(5)

where s(t) and f(t) ∈ {0, 1} are the system state and the

action of the follower at stage t respectively, and r(t) =
pF (t) ∈ {R,S, T, P} is the immediate payoff for the fol-

lower, which is taken as 3, 0, 5, 1 in the simulation. Ad-

ditionally, α is the learning rate, taken as 0.1 here; ω is the

discount factor, taken as 0.999 here. The Q-function value is

initialized as 0.

The action rule of the follower is as follows:

Pr(f(t) = 1|s = s(t)) =
1

1 + exp{Qt(s(t),0)−Qt(s(t),1)
τt

}
(6)

where Pr(f(t) = 1|s = s(t)) is the conditional proba-

bility that the follower will cooperate at stage t given the

state s(t), the parameter τt is a decreasing sequence with t
which satisfies lim

t→∞ τt = 0. In our simulation, it is taken as

τt = 5 · 0.999t.

Given the leader’s strategy, the game can be realized

according to the follower’s action rule. In our simulation,

the initial state is generated by a uniform distribution over

the set {s1, . . . , s16}, and then the game is played for 105

stages between the leader and the follower. At stage t,
the payoffs of the leader and the follower are pL(t), pF (t),
the sum of their payoffs psum(t) and the leader’s rela-

tive payoff wL(t) are obtained. When the game stops at

t = 105, the average payoffs of the leader and the fol-

lower avpL, avpF , the average sum of the payoffs avpsum
and the leader’s average relative payoff avwL can be cal-

culated to analyze the condition of cooperation. In addi-
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tion, for each leader’s strategy AI(I = 0, 1, . . . , 65535),
500 initial states are generated independently for the re-

alization of the repeated game. So 500 groups of

avpL, avpF , avpsum, avwL are derived for each AI , de-

noted as avpL(m), avpF (m), avpsum(m), avwL(m), m =
1, 2, . . . , 500 respectively. We average them and get

AvpL =
P

m avpL(m)

500 , AvpF =
P

m avpF (m)

500 , Avpsum =
P

m avpsum(m)

500 , AvwL =
P

m avwL(m)

500 .

4 Results

The curve below in Fig. 1 is typical to demonstrate how the

follower’s payoff varies during the repeated game. It can be

found that in the simulation, the learning process becomes

stable after 104 times.
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Fig. 1: The payoffs of the follower in the learning process

Note that if and only if at the cooperation state, the sum

of the payoffs of players Avpsum = 2 × R, i.e. 2 × 3 = 6
in our simulation. At other states, Avpsum is strictly less

than 6. Due to the randomness in the Q-learning algorithm,

Avpsum is almost always less than 6 even though the system

reaches the state of cooperation.

In Fig. 2, different Avpsum values are derived for

each leader’s strategy AI , I = 0, 1, . . . , 65535. Fig. 3

further illustrates the number of the leader’s strategies un-

der which Avpsum belonging to different intervals. Based

on data, there are 713 strategies of the leader which

leads to Avpsum ∈ (5.6, 5.7], denoted as #(5.6, 5.7] =
713. Similarly, we get #(5.7, 5.8] = 388, #(5.8, 5.9] =
708, #(5.9, 6] = 446.

Assume during the game, the proportion of the action

profile (l, f) at (1, 1), (1, 0), (0, 1), (0, 0) is p1, p2, p3, p4 re-

spectively, where pi ≥ 0,
∑

i pi = 1, i = 1, 2, 3, 4. The

averaged sum of the payoffs of both players is

2Rp1+(T+S)p2+(S+T )p3+2Pp4 = 6p1+5p2+5p3+2p4

Let it equal to Avpsum, we have

6p1 + 5p2 + 5p3 + 2(1 − p1 − p2 − p3) = Avpsum

then

Avpsum − 2 − p1 = 3(p1 + p2 + p3)

where p1 + p2 + p3 ≤ 1. So we get

p1 ≥ Avpsum − 5
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Fig. 2: The Avpsum value for each leader’s strategy

 0

 4000

 8000

 12000

 16000

 20000

 24000

 28000

(2.4, 2.8] (3.2, 3.6] (4.0, 4.4] (4.8, 5.2] (5.6, 6.0]

N
u
m

b
e
r 

o
f 
s
tr

a
te

g
ie

s

Avpsum

3763

156 572

3949
5128

8610

4917

27181

9005

2255

Fig. 3: The distribution of the leader’s strategies leading to

each payoff intervals

Thus if Avpsum = 5.9, then there are more than 90%
cooperation level in a whole run. In other words, according

to the above data, 446 leader’s strategies can lead the system

to reach more than 90% cooperation level and 708 + 446 =
1154 leader’s strategies can lead the system to be more than

80% cooperation level.

Furthermore, in those 446 leader’s strategies with

Avpsum ≥ 5.9, we need to know what features of strate-

gies can induce mutual cooperation. For simplicity, we av-

erage those strategies ((ai
1, a

i
2, . . . , a

i
16), i = 1, 2, . . . , 446)

to get
P446

i=1 ai
k

446 , k = 1, 2, . . . , 16. Note that the average strat-

egy may not be a real and feasible one but it can reflect some

statistical features of action corresponding to specific system

states. In Fig. 4, it can be found that the average action favors

cooperation at the state s4, s8, s12, s16, which means that if

the last action profile is (C, C), the leader should insist on

cooperating with the follower in the current move in order

to induce mutual cooperation. We call this property reward
of mutual cooperation. However, at the state s9, s11, s15, the

average action prefers defection and it indicates that if the

leader’s kindness (i.e. cooperation) is cheated by the fol-

lower’s following defection, the leader should choose defec-

tion to punish the follower. We call this property punishment
of cheating kindness. At other states, the averaged action has

no obvious tendency. These features of strategies are similar

to that of “Tit for Tat” strategy, that is, to cooperate when

the opponent cooperates in the last move whereas to defect

when the opponent’s last move is defection. However actu-

ally, the player with “Tit for Tat” strategy makes her decision
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only based on the opponent’s action, regardless of her own

action, which is different from both features, “reward of mu-

tual cooperation” and “punishment of cheating kindness” as

mentioned above. This difference implies that the purpose of

“Tit for Tat” player is not to induce mutual cooperation but

to respond to her opponent’s action solely. In this case, any

unexpected error in action may cause the failure of inducing

cooperation when the memory length k = 2. In other words,

both players are trapped into the “cascade of curse” [4].
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Fig. 4: The averaged action of the leader’s strategies induc-

ing Avpsum ≥ 5.9

This subsection demonstrates that there is a small

amount of leader’s strategies which can lead the system to

cooperation. Specifically, there are almost 446
65536

.= 0.68%
of all 2-step-memory strategies can result to more than 90%
cooperation level in the whole run of the repeated PD game.

In the meantime, The features of “reward of mutual cooper-

ation” and “punishment of cheating kindness” are found and

discussed in the leader’s strategy to induce cooperation.

5 Conclusions

This paper makes the first step towards answering the ques-

tion that what characteristics of strategies can induce mutual

cooperation for the general memory length. In the previous

work [2], we prove that the system can reach cooperation if

one player acts as a leader with some fixed suitable strategy

and the other player, acting as a follower, optimizes her aver-

aged payoff in the repeated Prisoner’s Dilemma game. How-

ever, the number of leader’s strategies is huge for the general

memory length, which makes it hard to find the appropriate

strategies by theoretical analysis.

So we investigate the condition of cooperation in the sce-

nario composed of heterogeneous players, i.e. the leader-

follower, by computer experiments. Specifically, all 2-step-

memory strategies are considered for the leader while the

follower plays against the leader by utilizing the Q-learning

algorithm. The results show that there are quite few strate-

gies in the whole set that the leader can choose to induce

more than 90% cooperation level. It indicates that it is dif-

ficult for the leader to choose suitable strategies to induce

mutual cooperation. Meanwhile it can be found that these

suitable strategies demonstrate specific properties. Besides,

new mathematical tools should be required and used to this

problem in our further work.

The idea of characterizing strategies which can induce

cooperation in this paper can also be extended to the study

of soft control [3]. In [4], the authors investigate a group

of shills with the well-designed strategy can lead the system

to the state of cooperation. By following the idea here, it

can be studied which strategy is optimal for shills to induce

cooperation in a group of normal agents which utilize the Q-

learning algorithms or other learning methods. In addition,

to induce cooperation in the scenario of local interaction,

what features of strategies should a shill possess and what

is the difference of these strategies in the scenario of local

vs. well-mixed interaction? All those problems deserve our

further investigation.
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